The first fractal model for the loading-unloading process between two cylindrical surfaces with friction is presented. The nonlinear relation between the real contact area and the contact load in different deformation stages are deduced for a load-unload cycle. The impacts of parameters in the model are discussed. The numerical results show that for a given dimensionless contact load, the dimensionless real contact area of the loading-unloading process of cylindrical contact surface with friction, as well as the differences of the dimensionless real contact area between the loading and unloading processes, increase with the increase of the loading interference and fractal dimension, decrease of the profile scaling parameter and curvature radius, or the substitution of external contact for internal contact.
Introduction
The surface of the mechanical structure is rugged on a microscopic view, and consists of numerous asperities of different sizes. The contact between rough surfaces is characterized by the interaction of asperities, which leads to the real contact area being a small fraction of the apparent contact area. The contact characterization has a significant impact on physical phenomena such as friction, wear, lubrication, etc. The contact between two cylindrical rough surfaces are very common in the engineering field, such as gear and cam mechanism. It is of great significance to make an extensive research on mechanical properties of the contact form.
Statistical methods are commonly used to analyze the contact problems of rough surfaces. There are many statistical models proposed recently, such as GW (Greenwood and Williamson) model [1] [2] [3] , CEB (Chang, Etsion and Bogy) model [4] , KE (Kogut and Etsion) model [5] [6] [7] , the ellipse model [8, 9] , the size-dependent plasticity model [10] and so on. In particular, Kogut and Etsion [11, 12] proposed a model that predicts the static friction for elastic-plastic contact of rough surfaces (KE friction model); Brizmer et al. [13] developed a numerical model for the elastic-plastic spherical contact under combined normal and tangential loading in full stick based on their single asperity models in full stick condition [14, 15] ; Cohen et al. [16, 17] proposed statistical models for flat contacting rough surfaces and for spherical contacting rough surfaces under combined normal and tangential loading with the plasticity index ψ≤ 8 respectively; Li et al. [18] extended the spherical model of Cohen up to ψ= 32; Wang et al. [19] developed a model to predict the static friction coefficient considering the multi-scale nature of roughness; Zheng et al. [20] proposed an improved static friction model for elastic-plastic contacting surfaces based on KE friction model. From the above statistical models and Etsion's comment [21] , the static friction coefficient is related to the normal load and decreases with an increasing normal load.
However, the statistical parameters in the above statistical models depend on the sample length and the resolution of the instrument, so that it is not unique in determining the characterization and analysis of the rough surface. In order to overcome the shortcomings of the statistical model, the necessity for scale independent contact models motivated the growing use of fractal description of the multiscale nature of contacting rough surfaces. Majumdar and Bhushan [22] proposed the first fractal model for two-dimensional rough surface using the Weierstrass-Mandelbrot function (MB model). Yan [23] extended the MB model to create the fractal model of three-dimensional rough surface (YK model). These two models revealed the relationship between the real contact area and the contact load through the numerical results, and the result of two models that the small contact spots were in plastic contact whereas large spots were in elastic contact was contrary to classical contact mechanics. Gao [24] analyzed contact between a rigid cylindrical indenter and an elastic, perfectly plastic solid with fractal surface roughness. The conclusion was that idealizing surface roughness as a perfect fractal led to unphysical predictions for the contact size and number of contact spots. Morag and Etsion [25] developed the fractal surface contact model (ME model) which agreed with classical contact mechanics by suggesting a revision to the MB model, in which the critical area of a single asperity was scale-dependent. Miao [26] developed a complete contact model of a fractal surface by extending the ME model, and the total load, area and stiffness of a fractal rough surface were studied. Chen [27] [28] [29] established the fractal model of the loading contact stiffness of the plane rough surfaces, cylindrical rough surfaces and spheroidal rough surfaces considering the friction factor successively by introducing the specific contact coefficient to the loading contact stiffness formula. It revealed the influence of parameters such as the friction coefficient and the fractal dimension on the loading contact stiffness. Hanaor [30] developed an approach for contact mechanics of fractal surfaces by spline assisted discretization and revealed the significant effect of surface fractality on contact mechanics. Ma [31] established a sliding frictional fractal contact model of two involute arc cylindrical gears. The model showed that the load-area relation was not only affected by the fractal parameters, but also by the contact radius and tooth line radius. Wang [32] proposed a fractal contact stiffness model considering the effect of asperity interaction by introducing the concept of fractal smoothness which affected the contact stiffness and the effect could be offset by the asperity interaction. The effect of asperity interaction on contact stiffness was studied as well. Pan [33, 34] established a normal contact stiffness fractal prediction model of dry-friction rough surface considering the friction factor based on three-dimensional fractal function, and the validity of the established model was verified by experiment. Shen [35] proposed a contact stiffness model in view of the influence of domain extension factor between two spherical rough surfaces and analyzed evolution of the elastic-plastic contact involving three distinct stages ranged from complete elastic through elastic-plastic to fully plastic deformation. Guan [36] used the results of reference [29] and investigated the conformal contact between piston and cylinder by employing the fractal theory. In this model, the contact coefficient was proposed, which was affected by the structural parameters of piston radius and radial clearance as well as the material properties. Zhao [37] proposed a novel contact stiffness model of a concrete-steel joint based on the fractal theory. Here, an iteration model was proposed to describe the contact state of the concrete-steel joint and revealed the nonlinear relationships between contact stiffness and load, fractal parameters. Yuan [38] proposed a revised MB model, and deduced the transition from elastic, elastoplastic to full plastic deformation for a single asperity whose contact area and load is related to asperity level. Further, Yuan [39] extended this model to develop a loading-unloading contact model between three-dimensional rough plane surfaces based on fractal theory, and the relation between the total contact load and the total real contact area was obtained in the loading and unloading processes. Xu [40] developed the revised size distribution functions for the two-dimensional and three-dimensional fractal rough surfaces respectively, and the validity of the model was verified by comparing with the experimental data.
As can be seen from the above literature review, a substantial effort has been made so far to investigate the contact between rough surfaces both statistical methods and fractal theory. However, the current research of the fractal model involved in the contact problem between two cylindrical surfaces mainly focused on the loading process, rather than the unloading process. Therefore, a loading-unloading contact analytical model between two cylindrical rough surfaces with friction, based on fractal theory is presented in this paper. The relation between the real contact area and the contact load in different deformation stages are given to investigate how the parameters in the model (such as fractal dimension, profile scaling parameter, curvature radius and contact type) affect the loading-unloading contact performance.
Contact Model in the Loading Process with Regard of Friction
Assuming that (1) the surfaces in contact are cylindrical, rough and isotropic; (2) asperities are far away from each other and no interaction between them; (3) no bulk deformation occurs during contact; (4) asperities are assumed spherical; and (5) no adhesion force during contact. The asperity and the rough surface deformation happens in the sequence of elasticity, elastoplasticity and plasticity as the contact load and area increase.
Contact Model of Single Asperity in Loading Process with Regard of Friction
According to the von Mises yield criterion, the critical elastic interference ω ec and the critical elastic contact area a ec of single asperity without friction can be expressed as [41] :
where C is the critical yield stress coefficient, C = 1.295 exp(0.736ν); ν is the Poisson ratio of the softer material; σ Y is the yield strength of the softer material; R is the radius of asperity curvature; E is the equivalent elastic modulus, which is:
and E 1 , E 2 are the elastic modulus of two contact surfaces, respectively; ν 1 and ν 2 are the Poisson ratio of two contact surfaces, respectively. By Hertzian theory, the relation between the critical elastic contact load F ec and the critical elastic interference ω ec of single asperity without friction is:
By substituting Equations (1) and (2) into Equation (4), the relation between the critical elastic contact load F ec and the critical elastic contact area a ec can be given as:
According to the fractal theory, the critical elastic interference ω ec and the critical elastic contact area a ec can be expressed as [26] :
where G is the profile scaling parameter; D is the fractal dimension and l is the asperity base diameter.
For a given rough surface, the value of the critical elastic interference and the critical elastic contact area are constant, which depend on the material properties, the fractal dimension and the profile scaling parameter, as well as the maximum asperity base diameter on the base plane [29] .
If the slide happens between contact surfaces, the relation between the critical elastic contact load F ec and the critical elastic contact area a ec of single asperity with regard of friction can be given as by Equation (8) when single asperity begins to yield [42] .
where, F ec is the critical elastic contact load of single asperity with regard of friction; a ec is the critical elastic contact area of single asperity with regard of friction; k µec is the value of the correction factor with regard of friction, k µ , when single asperity begins to yield, and k µ can be expressed as:
where the friction coefficient µ is related to the normal load and decreases with an increasing normal load in the deformation process of single asperity [11] [12] [13] [14] [15] [16] [17] [18] 21] . Due to the neglecting of the adhesion force, the relation between the friction coefficient and the normal load in the elastic regime can be expressed as [11] :
The critical elastic contact load of the spherical surface are the same both with and without friction according to Tabor's measurement [43] and the GW model [1] . The friction force acting on asperities is the tangential force which affects the normal contact by changing the contact area, and the load-area relation of single asperity in the elastic stage satisfies F ∝ a' 3/2 [28, 29, 36] , where F' is the contact load of single asperity and a' is the contact area.
Combining Equations (5) and (8), the relation between the critical elastic contact areas a ec without friction and a ec with friction can be given as:
Thus, the contact model of single asperity in loading process can be given in elastic, elastoplastic and plastic stages respectively.
Elastic stage:
The single asperity is in elastic deformation when 0 ≤ a ≤ a ec . The contact area and contact load is in the form of:
where F e is the contact load of single asperity in the elastic stage and ω is the interference of single asperity. Combining Equations (8), (12) and (13), the relation between the contact area and the contact load of single asperity in the elastic deformation with regard of friction can be given as:
Elastoplastic stage:
When the interference is greater than critical elastic interference, the elastoplastic deformation occurs. When ω ec < ω ≤ 6ω ec [5] , the single asperity is in the first elastoplastic stage, where the relation between the contact area and the contact load can be given as:
When 6ω ec < ω ≤ 110ω ec , the single asperity is in the second elastoplastic stage, where the relation between the contact area and the contact load can be given as:
By substituting Equations (5), (8) and (11) into Equations (15) and (16) respectively, the relation between the contact area and the contact load of single asperity in the elastoplastic deformation with regard of friction can be expressed by Equations (17) and (18) respectively.
where F ep1 is the contact load of single asperity in the first elastoplastic stage; a epc is the critical contact area of the first elastoplastic stage with regard of friction, which is a epc = 11.7475k µec Ca ec with ω = 6ω ec ; F ep2 is the contact load of single asperity in the second elastoplastic stage; a pc is the critical contact area of the second elastoplastic stage with regard of friction, which is a pc = 338.8815k µec Ca ec with ω = 110ω ec .
Plastic stage:
When a > a pc , the contact is in the plastic stage. The relation between the contact area and the contact load of single asperity can be expressed as:
where F p is the contact load of single asperity in the plastic stage and H is the hardness of the softer material.
The above results can be used in contact modeling of two cylindrical surfaces with regard of friction.
Fractal Contact Model of Two Cylindrical Surfaces in Loading Process with Regard of Friction
In the fractal theory, the contact spots are of different sizes and spread randomly over the contact interface. The size distribution of contact spots is n(a), such that n(a)da is equal to the number of contact spots of area between a and a + da. According to the MB model, the size distribution of contact spots n(a) is:
where N is the total number of contact spots with area larger than a; a max is the area of the largest contact spot. However, Equation (20) cannot apply to the rough curved surface since the deformation of curved surface is different from that of the planar surface, and results in the disparity for the calculation of variable N in Equation (20) . With support of the cylindrical contact coefficient, λ C , the asperity size distribution, n (a ), in the contact of two cylindrical surfaces [27] , can be given as:
where a l is the maximum contact area for all asperities with a given interference and λ C is the cylindrical contact coefficient, defined as:
where R c1 and R c2 are the curvature radius of two cylinders, respectively; B is the contact length of two cylinders; "+" is for the external contact; "−" is for the internal contact and R c1 > R c2 .
Thus, the contact model between two cylindrical surfaces in loading process can be given in each deformation stage with regard of friction.
Elastic stage:
The elastic deformation only happens in asperities on the surface when 0 ≤ a l ≤ a ec . The contact model in the elastic stage can be written as:
where A ce and F ce are the real contact area and the contact load between two cylindrical surfaces in the elastic stage with regard of friction, respectively.
Elastoplastic stage:
When a ec < a l ≤ a epc , both the elastic deformation and the first elastoplastic deformation happen in asperities on the surface. The contact model in the first elastoplastic stage can be written as:
where A cep1 and F cep1 are the real contact area and the contact load between two cylindrical surfaces in the first elastoplastic stage with regard of friction, respectively. When a epc < a l ≤ a pc , the deformation of asperities on the surface includes the elastic deformation, the first elastoplastic deformation and the second elastoplastic deformation. The contact model in the second elastoplastic stage can be written as: 
where A cep2 and F cep2 are the real contact area and the contact load between two cylindrical surfaces in the second elastoplastic stage with regard of friction, respectively.
Plastic stage:
When a > a pc , the deformation of asperities on the surface includes all of elastic deformation, the first elastoplastic deformation, the second elastoplastic deformation and the plastic deformation.
The current research objective is to model the loading/unloading cycle in the contact of two cylindrical surface and it is assumed that the deformation in plastic stage does not happen. If the interest is only the loading process, readers can use the above method to complete this part of modelling work.
Fractal Contact Model in the Unloading Process with Regard of Friction
The contact model between two cylindrical surfaces in unloading process relies on the loading process. The corresponding unloading contact model varies with the final deformation stage of the loading process. Asperities on the surface still satisfy the fractal characteristic at the end of the unloading process [39, 44] . The size distribution in contact of two cylindrical surfaces in the unloading process can be written as:
where a u l is the maximum contact area for all asperities in the unloading process; and a u is the contact area of single asperity in the unloading process. Because the real contact area and contact load of asperities at the end of the loading process equal those at the beginning of the unloading process respectively, a u l = a l = a max , and a max is the maximum contact area corresponding to the maximum interference ω max for all asperities in the loading process.
Thus, the unloading contact model between two cylindrical surfaces with regard of friction can be given in each deformation stage.
Elastic stage:
when 0 ≤ a max ≤ a ec , only the elastic deformation occurs in asperities on the surface and the unloading process is an inverse process of the loading process in this case. So, the unloading contact model of the elastic stage can be written as:
where A u ce and F u ce are the real contact area and the contact load between two cylindrical surfaces in the unloading process in the elastic stage with regard of friction, respectively.
Elastoplastic stage:
When a ec < a max ≤ a pc , the residual interference of asperities on the surface is the unrecoverable plastic portion of ω max at the completion of the asperity unloading, which results in the surface topography after unloading different from the original one before loading process.
The relation between the radius of curvature, R u , of the asperity after unloading and the radius before loading, R, is [6] :
The critical elastic contact area is proportional to the square of the radius of asperity curvature according to Hertzian theory. By combining Equation (32), the critical elastic contact area a u ec of single asperity with regard of friction after unloading can be given as:
The relation between the maximum contact area and the maximum interference can be given by Equations (34) and (35) ω ec a epc < a max ≤ a pc (35) When the surface is loaded in the elastoplastic stage in the end, the unloading process is equivalent to the inverse process of the loading process where the surface with the critical elastic contact area a u ec is loaded till a max , and the elastic loading model apply.
By substituting Equations (33) and (34) into Equation (14), the relation between the contact area and the contact load of single asperity in the unloading process in the first elastoplastic stage can be written as:
where F u ep1 is the contact load of single asperity in the unloading process in the first elastoplastic stage. By substituting Equations (33) and (35) into Equation (14), the relation between the contact area and the contact load of single asperity in the unloading process in the second elastoplastic stage can be written as:
where F u ep2 is the contact load of single asperity in the unloading process in the second elastoplastic stage. When a ec < a u l ≤ a epc , surfaces are in the first elastoplastic stage at the beginning of the unloading process. Because the real contact area and contact load between two cylindrical surfaces at the end of the loading process equal those of the beginning of the unloading process respectively, the unloading contact model of the first elastoplastic stage can be written as:
where A u cep1 and F u cep1 are the real contact area and the contact load between two cylindrical surfaces in the unloading process in the first elastoplastic stage with regard of friction, respectively.
Because Equations (15) and (32) are regressed by the results of finite element method(FEM), some errors are involved in Equation (39) . The load correction factor K u is introduced to minimize these errors [39, 44] and Equation (39) can be rewritten as:
where K ucep1 is the load correction factor of the first elastoplastic stage. By substituting Equations (26) and (40) into Equation (39) , K ucep1 can be given as:
When a epc < a u l ≤ a pc , surfaces are in the second elastoplastic stage at the beginning of the unloading process. The unloading contact model of the second elastoplastic stage can be given as: can be expressed as:
where K ucep2 is the load correction factor of the second elastoplastic stage. By substituting Equations (28) and (44) into Equation (43) , K ucep2 can be written as:
Numerical Results and Discussion
The contact models of two cylindrical surfaces in the loading and unloading process with regard of friction can be normalized to generalize the results. Further analysis can be carried out on the base of normalization.
Normalization
The contact between two cylindrical surfaces is as shown in Figure 1 . The nominal contact area (the macroscopic contact area) A 0 is positively related to the contact load F. Assume that the material of the two contacts are steel and their calculation parameters are as follows: E 1 = E 2 = 2.06 × 10 5 MPa, ν 1 = ν 2 = ν = 0.3, σ y = 205 MPa, D = 1.5, G = 10 −10 mm, l = 5.2151 × 10 −6 mm, R c1 = 100 mm, R c2 = 60 mm, B = 50 mm, the contact type is the internal contact.
When the surface is loaded till a pc , the critical interference, ω pc , can be given as:
The critical interference ω H of Hertzian theory can be calculated by Equation (47) [45] .
where R is the equivalent curvature radius:
where, "+" is for the external contact and "−" for the internal contact, M is the error correction factor, which is:
By substituting calculation parameters, the critical interference ω H can be calculated, that is:
According to Equation (50), the range of the interference in the contact process of the model proposed belong to the range of Hertz elastic contact in macroscopic view and the nominal contact area, A 0 , in the paper is the macroscopic contact area calculated by Hertz theory.
The dimensionless contact area, A * , is defined as the real contact area, A, divided by the nominal contact area, A 0 , and the dimensionless contact load, F * , is the contact load, F, divided by the nominal contact area, A 0 , and the equivalent elastic modulus, E:
where A 0 is the nominal contact area, Figure 2 shows the relation between dimensionless real contact area and dimensionless contact load of two cylindrical surfaces in different deformation stages. Figure 2a shows the load-unload cycle in the elastic stage and no difference can be seen between loading and unloading process as the plastic deformation does not happen in this stage. Figure 2b ,c show the load-unload cycle in the first and second elastoplastic stage with the unloading points are 1.0 and 0.6 times of critical contact area. In the elastoplastic stage, the dimensionless real contact area in the unloading process is higher than that in the loading process with the same dimensionless contact load; the dimensionless real contact area of the unloading process, as well as the differences between the loading and unloading processes, increases with the loading interference. The reason is that asperities are in the elastoplastic deformation cannot fully recover in the unloading process and their curvature radius increases resulting in the adding of the contact area; the interference and quantity of asperities increase with the loading interference, leading to the further increase of the unrecoverable contact area. The second elastoplastic stage is chosen to discuss the impacts of parameters and contact types in the model of the loading-unloading process of the two cylindrical surfaces. Figures 3 and 4 show the dimensionless contact area-load relations of two cylindrical surfaces in the second elastoplastic stage with effects of fractal dimension D and profile scaling parameter G.
Load-Unload Cycle Analysis
In each figure, (a) shows the unloading at the dimensionless critical contact load and (b) shows the unloading at a given dimensionless contact load.
The dimensionless critical real contact area and the dimensionless critical contact load increase with decrease of G or increase of D; for a given dimensionless contact load, the dimensionless real contact area, as well as the differences of the dimensionless real contact area between the loading and unloading processes, are positively related to D, and negatively correlated with G. The reason is that the roughness of surface decreases as G decreases [46] , as well as D increases [29, 47] . So it can be inferred that in the load-unload cycle in the elastoplastic stage, as the roughness of surface decreases, although the overall interference of asperities decreases, the quantity of asperities deformed increase rapidly which has a greater influence leading to the phenomenon shown in Figures 3 and 4 . As R c2 increases, or internal contact replaces external contact, the dimensional critical real contact area and the dimensional critical contact load increase, while the dimensionless critical real contact area and the dimensionless critical contact load decrease; as R c2 increases, or internal contact replaces external contact, the dimensional contact area of the loading-unloading process increases, as well as the differences of the dimensional contact area between the loading and unloading processes, for a given dimensional contact load; as R c2 increases, or internal contact replaces external contact, the dimensionless real contact area of the loading-unloading process decreases, as well as the differences of the dimensionless real contact area between the loading and unloading processes, for a given dimensionless contact load.
For a load-unload cycle of two cylindrical surfaces, the effects of the curvature radius and the contact type on the dimensionless load-area relation are contrary to those on the dimensional load-area relation. The reason is that both A and A 0 are influenced by R c2 and the contact type. The contact load and the contact area are proportional to R in contact theory. According to Equation (48), it is obvious that R increase with R c2 when R c1 is constant, and R of internal contact is greater than that of external contact. Therefore, the conclusion from Figure a ,b of each figure is convincible.
According to Equation (52), it is obvious that A 0 increase with R c2 when R c1 is constant, and A 0 of internal contact is greater than that of external contact. From Figure a ,b of each figure, it can be found that R c2 and contact type have little effect on the real contact area. Because the real contact area between two surfaces is much smaller than the nominal contact area, so A 0 has a greater influence on the tendency of the dimensionless contact area and load. Therefore, the conclusion from Figure c,d of each figure is believable.
Model Comparison
The classical KE model [7] and the Yuan model [39] are the available models for loading and unloading contact process and limited to planar surfaces.
The proposed contact model can be used for the contact of planar surfaces supposing the radius of cylindrical surfaces is infinite.
To ensure the credibility of the comparison, some parameters of KE model have been adopted include E/σ Y = 950, ν = 0.3, the plasticity index ψ = 2, H = 2. 
Conclusions
This paper developed the first fractal model of the loading-unloading process for cylindrical contact surface with friction in different deformation stages. The loading-unloading contact model for single asperity with friction were obtained firstly, and then deduced the loading-unloading contact model between two cylindrical surfaces with friction. Based on numerical results with MATLAB, the trend of the loading-unloading contact performance between two cylindrical surfaces with friction were obtained by changing the fractal dimension D, the profile scaling parameter G, the curvature radius R c2 and the contact type. The following conclusions can be drawn:
•
The dimensionless real contact area of the loading-unloading process increases with the dimensionless contact load. In the elastic stage, the unloading process is the same with the loading one. In the elastoplastic stage, the dimensionless real contact area of the unloading process is greater than that of the loading process for a given dimensionless contact load; the dimensionless real contact area of the unloading process, as well as the differences of the dimensionless real contact area between the loading and unloading processes, increase with the loading interference.
The dimensionless critical real contact area and the dimensionless critical contact load increase with the increase of the fractal dimension, decrease of the profile scaling parameter and the curvature radius, or the substitution of external contact for internal contact.
In the elastoplastic stage, for a given dimensionless contact load, the dimensionless real contact area of the loading-unloading process of cylindrical contact surface with friction, as well as the differences of the dimensionless real contact area between the loading and unloading processes, increase with the increase of the fractal dimension, decrease of the profile scaling parameter and the curvature radius, or the substitution of external contact for internal contact. 
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